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A negative binomial-new weighted Lindley distribution for count data
and its application to hospitalized patients with diabetes
at Ratchaburi hospital, Thailand

Siriporn Samutwachirawong'*
I Section of Statistics, Faculty of Science, Maejo University, San Sai, Chiang Mai 50290, Thailand
Abstract

The Poisson distribution plays a central role in count data analysis. The most important characteristic of
the Poisson distribution is its mean and variance must be equal. In practice, the count data often exhibit the
overdispersion, which is the variance is greater than the mean. The negative binomial distribution offers a remedy
to this problem. Moreover, the mixed negative binomial distribution is an alternative to count data with
overdispersion. The objectives of research are to proposed new distributions for count data, namely, the negative
binomial-new weighted Lindley distribution, to derive parameter estimation of the proposed distribution by using
the maximum likelihood estimation and to compare efficiencies of the proposed distribution with other
distributions. This research found that the negative binomial-new weighted Lindley distribution, obtained by
mixing the negative binomial distribution with the new weighted Lindley distribution is another mixed negative
binomial distribution that provided an appropriate fit for count data with overdispersion. Some characteristics of
the proposed distribution, such as mean, variance, the coefficient of skewness and kurtosis are derived. Finally,
application of the proposed distribution for the number of hospitalized patients with diabetes at Ratchaburi
hospital, Thailand is presented.

Keywords: overdispersion, count data analysis, mixed negative binomial distribution, new weighted Lindley
distribution

1. Introduction

The count data are non-negative integers, such as the number of hospitalizations, the number of H5N1
outbreaks reported in Thailand, the number of doctors visited per year, and the number of trips taken per year.
The most popular method to model count data is the Poisson distribution. The Poisson distribution was introduced
by S. D. Poisson. The Poisson distribution should have been named after Bortkiewicz in 1898, the data give the
number of soldiers killed by being kicked by a horse each year in each of 14 cavalry corps over a 20-year period.
Bortkiewicz showed that those numbers follow the Poisson distribution, mean is equal to variance [1]. Indeed,
equidispersion is referred to equality of mean and variance; equidispersion will play a crucial role in further
discussion. Besides, there are other categories of dispersion which are overdisperssion, variance is greater than
the mean and underdispersion, variance is smaller than the mean [2].

Regarding to an importance of dispersion, Greenwood and Yule [3] derived a mixture of Poisson
distribution with the mean distributed as a gamma distribution, called the negative binomial (NB) distribution.
The NB distribution has become increasingly popular because of a more flexible alternative to the Poisson
distribution; especially, when it is doubtful whether the strict requirements, for the Poisson distribution will be
satisfied [4]. In addition, the NB distribution can be mixed with other distributions to be an alternative distribution
of overdispersed data. It has been shown that the mixed negative binomial distribution provided a better fit to
count data compared to the NB distribution, such as the NB-Pareto [5], the NB-inverse Gaussian [6], the NB-
Lindley [7], the NB-beta exponential [8], the NB-generalized exponential [9], the NB-crack distribution [10] and
the NB-Erlang distribution [11].

The Lindley distribution has been generalized by many researchers in recent years. Ghitany and et al.
[12] investigated Lindley distribution in the context of reliability analysis. Subsequently, a weighted Lindley
(WL) distribution is proposed for modelling survival data. The WL distribution has the property that the hazard
rate (mean residual life) function exhibits bathtub (upside-down bathtub) or increasing (decreasing) shapes.
Applications of the WL distribution to real survival data are presented. The new weighted Lindley (NWL)
distribution was recently introduced by Asgharzadeha and et al. [13]. It is a two parameter continuous distribution
used in lifetime data. A random variable X follows the NWL distribution with parameters & >0and

S > 0. Its the probability density function (pdf) is

*Corresponding author; e-mail: siriporn_sm@mju.ac.th
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Let X ~NWL(a, ), then its moment generating function (mgf) of X is given by
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Some plots of the NWL pdf with some specified values of o and B are shown in Figure 1.
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Figure 1 Some pdf plots of the NWL distribution

In this research, a discrete distribution which represents as an alternative distribution for overdispersed
count data, namely the negative binomial- new weighted Lindley (NB-NWL) distribution has been developed.
The NB-NWL distribution is a mixture of the NB and NWL distributions. Some of the characteristics of the
proposed distribution can be studied through factorial moments, e.g., mean, variance, skewness, and kurtosis. The
parameters of the proposed distributions are estimated by using the maximum likelihood estimation (MLE). A
real data set is the number of hospitalized patients with diabetes at Ratchaburi hospital, Thailand. The proposed
distribution is compared performance with Poisson and NB distributions.

2. Research objectives
2.1 To propose the negative binomial-new weighted Lindley distribution for overdispersed count data.
2.2 To derive the parameter estimation of the proposed distributions by using the MLE method
2.3 To compare efficiencies of the proposed distribution with other distributions for count data analysis.

3. Materials and methods
3.1 The materials are as follows
1) High performance personal computer for running the coded program.
2) R language version 3.4.1 [14] for using in application study.
3.2 The methods are as follows
1) The pmf and some properties of the NB-NWL distribution will be investigated.
2) The estimated of parameters of the NB-NWL distribution will be derived by the MLE method.
3) Random variate generation of the NB-NWL distribution is derived.
4) Application of the NB-NWL distribution to real data set has been studied by comparing to the
Poisson and NB distributions using the Kolmogorov-Smirnov (K-S) from the dgof package [15] and estimated
log-likelihood (LL).

4. Results and discussion

In this section presents results of the research. It provides the probability mass function (pmf) of the
proposed distribution. Moreover, some characteristics, some plots of the pmf with various values of parameters,
parameter estimation, random variate generation, and application of the proposed distribution to real dataset are
included in each part.




4.1 The negative binomial- new weighted Lindley distribution
Definition 4.1 Let X [,l be a random variable following a NB distribution with parameters » and

p=exp(—-A), X|A~NB(r,p=exp(-4)). If 4 is distributed as the NWL distribution with positive parameters
e and f3, denoted by 1 ~NWL(e, ,6’)), then X is called a NB-NWL random variable.
Theorem 4.1 Let X ~ NB-NWL (7, e, f5). The pmfof X is given by

rax—-1\&( x Al+a) Brr+j+l pl+a)+r+j+1
a0t f) = —1y = L, x=0,1,2,..
) ( x )ZU( }aﬁ(l+a)+a(2+a){(ﬂ+r+j)* [Ba+eysriiT|

where a and 8> 0.
Proof. If X|A~NB(r, p =exp(-4)) and i~NWIL(a,f)), then the pmf of X can be obtained by

Y= T £ VgL, BydA, where f(x|A) is express as
£ = [ +;‘ “lJepor)a —exp(-A)’,
- [”H]i("_)(—lf exp(=A(r + ).
X j=0\J

By substituting £,(x|4) into /(x) = [ /(| D)g(% @, B)dA, we obtain
L]

f()= (“j_l]i[ﬂ(—l)" ( [ eXP(—l(Hf))g(A;a,ﬁ)dﬂ»],

j=0
=11 .
=(”j }Z[’f]ewmww)).

Substituting the mgf of the NWL distribution in the equation above, the pmf of the NB-NWL(r, &, 5) is
given as

f(x;;-,a,ﬁ)=[?+j—1Ji[Ji](_l)I A (+a) {ﬁ+r+j+l_ﬂ(l+a)+r+j+l}

=\ J af(+a)+a2+a) | (B+r+j) [,(J’(l+cc)—i-r+j]2
Figure 2 displays the NB-NWL pmf plots with some specified parameter values of & and f.
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Figure 2 The pmf of the NB-NWL distribution of some specified values of & and



4.2 Characteristics of the NB-NWL distribution

Some characteristics of the NB-NWL distribution will be discussed as follows. The factorial moment of
the NB-NWL distribution is introduced. Some of the most important structures and characteristics of the NB-
NWL distribution can be studied through factorial moments.

Theorem 4.2 If X ~ NB-NWL(r,a, 3), the factorial moment of order a of X is

uL(X)=F(r+a)i[a]{~1’ F+a) ﬁ—a+j:+21_,8(1+a)—a+j+ll =012
I'(r)y =\J af(+a)+a+a) | (Sf-a+)) [ﬁ(l»ra)—aJrj]
for o and F > 0.

Proof. G'omez and ef al. [6] showed that the factorial moment of order a of mixed NB distribution can
be expressed in the terms of elementary function by

; - I'(r+a) (1—exp(=4))*
HAX)=E, [ r) exp(—4a) ]

bl o
o E, (exp(4)—1)*.

Using the binomial expansion of (exp(4)—1), then g, (X) can be written as

( F(r+a) ey

( ™ 2[}]( 1Y E, (exp(A(a— /)
F(r—i—a) i
o JZL]( /M, (a-j).

From the mgf of the NWL distribution with # = a— j, the g (X) s finally given as

#.(X)_F(Ha)Z[J y_ Sirey B-a+j+l_pA+a)—a+j+l
’ ey =\ ef(+a)+a@+a) | (B-a+j) [pA+a)—a+jT |

Definition 4.2 Let X ~ NB-NWL (r,«, ), some properties of X are as follows
1) The first four moments about zero of X are

E(X) =r(g-1),
E(X?) = r(r+1)g, -r(2r +1)¢, +12,
E(X?) = r(r+1)(r+2)g, -3r(r +1)2¢, + r(3r2 +3r + 1), - 13,
E(X*) = r(r+1)(r+2)(r +3)¢, - 2r(r + D(2r2 + 7r + 6) ¢,
+r(r+D)(6r2+ 128+ ), -r2r+1)(2r2+ 21 + 1)@ +r4.

Il

2) The mean and variance of X respectively, are

E(X) = r(g-D,
Var(X) = r(r+ D¢, -r (1+rd)d.

3) The coefficient of skewness and kurtosis of X respectively, are

Skewness(X) =[r(r+1)(r+2)4, -3r(r +1)(rd + D,
+r(2rd + D(rd, + D]/ Var(X)F?,



Kurtosis(X) = [r(r +1D)(r +2)(r +3)g, - 2r(r + D(r +2)(2¢ 1+ 3)¢,
+r(r+1)(6r° ¢ +12rd + 1),
-r(rgy + DBr¢E +3rd + g | [Var(XOT,

B (l+a) B—k+l p+a)—k+l
ap+a)+a@+a) | (B-k? [pA+a)-k] |

where ¢, =

43 Parameter estimation
The parameter estimation for the NB-NWL distribution via the MLE method will be discussed. If

X ~ NB-NWL(r, , ), then the likelihood function of parameters », & and § can be written as

2 (x-S (% ; A +a) Br+j+l pl+a)+r+j+1
L(r,a, f.x;) = -1y = |
g I.JH X ]Z[J]( D c:c,efi‘(1+05)4-0:(2+a){(ﬁ-i-rJrj)2 [,8(1+a)+r+j]2H

i Jj=0

consequently, the associated log-likelihood function is

L= logL(r,a,,ﬁ;x,-)
= i[log C(r+x,)—logl(r)~logT'(x, +1)]

=l

o [a(x), v Flray  [Brrejrl_plra)yersj+l
1 L ) _
+Z°g[z[j}( )aﬁ(1+a)+a(2+a){(ﬁ+r+j}2 [ﬁ(l+a)+r+j]2H

j=0 =0

The first order conditions for finding the optimal values of the parameters obtained by differentiating the
associated log-likelihood function with respect to r, & and f give rise to the following differential equations

Sy Zs

%£ = iw(r —x)—ny(r) + z =
¥ i=1 i=1 X )
[j](—l) B

i

il

J=0

OE.. Xai et
CE (e |
=0\ J
' 2 2 : i i
where\u(g)=&isthedigammafunctionand3= Al }3+r+;:1_ﬁ(l+va)+r+;+zl].
iz af(l+a)+a2+a) | (B+r+)) [pl+a)+r+]]

The maximum likelihood estimates 7, @ and £ for the parameters r, & and  respectively, are taken
by solving iteratively differential equations to zero. These differential equations are not in closed form, a
numerical method can be employed to obtain the expectations of them. The MLE solution of 7, & and ,fj‘ can be
obtained by solving the resulting equations simultaneously using optim function in R language.



4.4 Random variate generation of NB-NWL distribution
A random variate X from the NB-NWL(r, @, ), has been generated from following algorithm.

1) Generate U from the uniform distribution, U(0,1),
2) Set A= —%lﬂg(l—U““) from the NWL distribution, NWL(¢, £)),

3) Generate X from the NB(r, p = exp(—A4)) distribution.

4.5 Applications study of NB-NWL distribution

We illustrated the NB-NWL, NB and Poisson distributions by applying to real data set. The information
of hospitalized 1459 cases from ages 55- 90 years old in period 2012 to 2016 of at Ratchaburi hospital, Thailand
was used as source of real data. The decision to admit to the hospital should be made if the patient has not
responded well to treatment within no more than 4 hours after presentation. A real data set was used to estimate
the parameters for the NB-NWL, NB and Poisson distributions using the MLE method. The mean and variance
are 4.5456 and 29.6349, respectively. The index of dispersion is 6.5195, indicating that there is high percentage
of zeros and the variance is greater than the mean.

Frequancy

- .l
tlettesatgsoncenrs

B 2 46 B W0 12 M OB NN MNNN
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Figure 3 The number of hospitalized patients with diabetes at Ratchaburi hospital, Thailand

The log-likelihood values and the p-values of K-S test for the discrete goodness of fit test are summarized
in Table 1. The expected frequencies of the NB-NWL distribution are close to the observed frequencies, the values
of K-S test of NB-NWL distribution is smaller than the values of the K-S test of the Poisson and NB distributions

5. Conclusions

This work proposes the new mixed negative binomial distribution, which is called the negative binomial-
new weighted Lindley distribution. In particular, some of the most important characteristics of the distribution
can be studied through factorial moments, ¢.g., mean, variance, skewness, and kurtosis. In the application of the
NB-NWL distribution, we compare the accuracy of the proposed distribution with the Poisson and NB
distributions. The usefulness of the NB-NWL distribution is illustrated by the number of hospitalized patients
with diabetes at Ratchaburi hospital, Thailand. We use the log-likelihood and p-values of the K-S test for the
goodness of fit for model selection purpose. Finally, the result of this study show that the NB-NWL distribution
provides a better fit compared to the Poisson and NB distributions. Obviously, the NB-NWL distribution is an
alternative distribution to the other for count data.



Table 1 Observed and expected frequencies for number of hospitalized patients with diabetes

No. of No. of Expected value by fitting distribution
hospitalization cases Poisson NB NB-NWL
0 35 261.2574 73.5711 34.3315
1 275 449.3630 155.7058 189.0602
2 357 386.4520 205.2514 171.5407
3 249 221.5659 2159518 147.2508
4 149 95.2733 198.4813 124.3442
5 il 32.7740 166.5815 104.7453
6 53 9.3952 130.9441 88.5186
7 50 2.3085 97.9537 75.2206
8 35 0.4963 70.4826 64.3310
9 32 0.0949 49.1530 55.3816
10 16 0.0163 33.4063 47.9862
11 15 0.0026 22.2195 41.8357
12 8 0.0004 14.5100 36.6865
13 15 0.0000 93271 32.3472
14 4 0.0000 5.9136 28.6669
15 7 0.0000 3.7045 25.5265
16 10 0.0000 2.2959 22.8310
17 6 0.0000 1.4095 20.5048
18 7 0.0000 0.8579 18.4868
19 5 0.0000 0.5182 16.7277
20 i 0.0000 0.3108 15.1872
21 2 0.0000 0.1853 13.8323
22 5 0.0000 0.1098 12.6358
23 2 0.0000 0.0647 115752
24 4 0.0000 0.0380 10.6315
25 2 0.0000 0.0222 9.7890
26 2 0.0000 0.0129 9.0345
27 2 0.0000 0.0075 8.3566
28 4 0.0000 0.0043 7.7458
29 3 0.0000 0.0025 7.1940
30+ 21 0.0000 0.0014 6.6942
Total 1459
Parameter estimates =17 F=4.07 A=A
el &=052
£ =201
log-likelihood -1140.449 -1014.642 -825.985
K-S test 0.319 0.013 0.018
p-value <0.001 0.086 0.572
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