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Abstract

In this work, the problem of delay-dependent
exponential stability criterion for bidirectional associative
memory (BAM) neural networks with interval time-varying
delays is studied. Base on the convex combination of
Lyapunov-Krasovskii - functionals and integral inequality,
sufficient condition for exponential stability are obtained

and formulated in terms of linear matrix inequality.

Keywords: BAM neural networks, exponential stability, linear

matrix inequality (LM1), interval time-varying delays

1. Introduction

Bidirectional associative memory (BAM) neural networks was
firstly introduced by Kosko in [1]. Due to the model
generalization of the single-layer autoassociative Hebbian
correlator to a two-layer pattern-matched heteroassociative
circuit, the BAM neural networks has been investigated to
have extensive applications in various applied fields, such as
pattern recognition, image processing, artificial intelligence,
automatic control, see [2, 9, 12]. It is well known that the
theory on the dynamics of this networks, including global
asymptotic stability (GAS) and global exponential stability
(GES), had been extensively studied, see [5 11, 13]. In
general, time delay is often wunavoidable in the
communication and response of neurons due to the finite
switching electronic

speed  of amplifiers in  the

implementation  of  analog neural network  and

communication time, see [6, 8, 11]. It is well known that

time delays might cause instability, divergence behavior and
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oscillations of neural networks. Therefore, the study of the
stability and convergent dynamics of BAM neural networks
with either constant delays or time-varying delays has drawn
increasing interest and many results have been reported in
recent years, see [4, 5,7, 13, 15]. In [10, 13, 14, 16], several
sufficient conditions on the global exponential stability of
BAM neural networks with time-varying delays have been
derived. The common approach for studying stability of BAM
neural networks is Lyapunov stability theory. With a
properly designed Lyapunov-Krasovskii functional as well as
introducing free-weighting matrices, one may derive stability
criteria in term of linear matrix inequality (LMI) which is
easily solved by several available algorithms.

Based on the above discussion, we propose to study the
problem of global exponential stability of BAM neural
networks with interva time-varying delays. By constructing
new and improved augmented Lyapunov-Krasovskii
functionals and by using convex combination technique, the
global exponential stability criteria are derived in terms of
linear matrix inequalities (LMIs).
Notations: Throughout the paper, ] denote the set of
all real numbers. * denotes the elements below the main
diagonal of a symmetric block matrix. diag{...} denotes
the diagonal matrix. For symmetric matrices X and Y,
the notation X >Y . X > 7Y means that the matrix
X -7 is

respectively. A,, [-) and A_{-) denote the largest and
M m

positive  definite, positive semi  definite,

smallest eigenvalue of given square matrix, respectively.

2. Model description and preliminaries

This paper consider the following BAM neural network

with time-varying delays of the form

H)=-ax()+ B+ Cr{pl-n0)),
91 ==4,(1)+ B,g (x(1))+ Cog(x{1=2 (1))

(6) =[x ()2, (£)sox, ()] on

y(t):[yl(t),yz (t),...,ym(t)f are the states of

the ith neurons from the neural field F‘, and the jth

where

neurons from the neural field Fy, at timel, respectively;
g () =Ln (% () (52 ()., (5, ()T
and f(}’(l)) =1/ (yl (Z))>fz ()’2 (l))"""ﬁn (.Vm (’))]T

are the neuron activation functions;
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4 :diag{al',aé,...,ai} and 4, =diag{alz,azz,...,a"2,} y

are diagonal matrices with positive entries al.l >0 and
a,.2 >0; Bl and 32 are the connection weight matrices;
Cl and Cz are the delayed connection weight matrices.
Assumption 2.1 T(l) and h(l) are  time-varying
functions satisfying:

(i) 0<7, <z(r) <7y, 2(t)<v,

(i) O<h <h(t)<h, h(t)<p, V=0

where rl,rz,h],hz,u and A4 are known constants.
Assumption 2.2 The neuron activation functions fj()
and gl.(-) are ¢iven continuous functions satisfying the
following conditions: There exist real numbers F;,F;,

Gl._ and G: such that
(if) G5 < =——~—
B-n
for any ,B,ne and ,B?&T],
(l-il')//_}' (0)= 0 and g, (O) =0.
Moreover, we assume that initial conditions of

system (2.1) has the form

x(t0+s)=¢(s), y(t0+s):l,//(s), se[—a),O],

o =max{7,,h},

where @(-),w () el ([—a),O], ") ,

Definition 2.3 (see [14]). The trivial solution of system (2.1)

is said to be ¢lobally exponentially stable if there exist

constants & >0 and p 2 1 such that

(O +[y(f < pe (Jo +lp ). ve=0
where one denotes

o o = su o
Lemma 2.4 [18] For  any

Zell™, 7= Z" >0 a scalar function ‘[(l) with

2 2
I+ sup ()]
—w<s<0
constant matrix
O<rt (t) <7y, and vector function
X [—‘[M s O] — 1" such that the integration concerned

is well defined, let

J. X(s)ds=Yo(r),

l—‘r(l)

where W e[l ™* and go(l) ell* Then, the following
inequality holds for matrix M el fith

{

J. X s)ds <¢" (1)L (1),

1-=(1)
where [i=¥"M+M™¥ +7(1)M"Z"'M.

3. Main Result
From this point on, for simplicity of notations, we

assume [ =0 For the sake of simplicity on matrices

representation, we let

&E(t) =col{x(t), ( 7

g(x(1)), g(x t=2(1))) g (x(=7)).
g(x(t=2))%(0) 2 (1) y (1 =1(1)), y (1= 1),
y(t=hy), f(( ) S(r(t=h(1))),
S=h)) S (p(e=m)) () and e

t)),x -7, ),x(t-1,),

e €L et ( =1,2,. ,18) be defined as blocks
entry matrices, for example
e, = 0” ]” O" O" , where ]n and On
\ﬁ,—__/
16

are identity and zero matrices of dimension A XH ;

respectively. Then,

x(l)=elg"(t),x(t—r(t)):ezf(t),... and
y(t) = elsé‘(t), respectively. In addition, the notations
of several matrices are defined as follows: 9, =col{e, e},
9, =colie, e}, 9, = col{e,,e,},9, = col{e,, 5},

=col{e;,e,},9, =col{e, e},

mdlag{Fl DR F'},

T m

9, =col eA,eS} P

F” =diag

m L

G}

..... F;}.G™ = diag{G,.G;.....G;},
G* =diag

{

{
col{e,z,em}

{F

{ar.

Theorem 3.1 Let 4> 0,7, 20,15,k > 00, € be given.

Then, under Asumption 2.1 and 2.2, system (2.1) is globally

exponentially stable with convergent rate ¢ if there exist

positive definite matrices P,M,S, e ™" (i=1,...,4),

positive definite matrices le{Q,l O, :C (21, 6)
Oy Q.
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where 0, e e ([ _ 1,“.’4) , positive diagonal matrices Q, = 2[@’1-[l +e511?—ii':—A,el +Be, +Ce, -eg}
V=diag(ﬂq,ﬂ?,...,/i"),A=diag(}/l,}/2,...,}/m) , +2:e,TOH3+e(TRH‘,;_'—AZem+Bze5+Czeﬁ—e,a._-
N = diag(n{,n;,...,n; )(l =1,. ..,8) and matrices —2:65 —G*e,}r N, i:e5 —G'el}—Z[eé -G’e, ]
H.,Y (i = 1,...,4) with appropriate dimensions which x N, l_eﬁ -GTe, |— 2 e~ =G (¢-¢,) '
satisfy the following LMIs: x N, _:es -, —G (e —ez)]
Q ,[_ze—hzr1 YzT hze~201h2 Y;T ] —2[% -, -G (e, —e¢, )JT N, [e(, ~-e,—G (e, _64)j
*  —r,e0ns, 0 <0, 31 e~ Fey] Nfew-Fey
* * —hze_zahz Sz —2[6‘5 -F’e, .lr N, [els - F_eHJ
Q Tze_z’”Zer hze‘z"/ﬁY}T i —2[3“,—els—F*(em—en)]rl\/7 [eu—eIS—F’(em—eH) l
* _z-ze_z‘"ZSl 0 <0, (3.2) —Z[els—e”—F* (e”—en)}r Nx[els—equ'(e“—eu)j
* * —hze’zahisz Proof Choose the Lyapunov-Krasovskii functional candidate
_Q 123‘2‘”2 YIT hze_zahz Y;T_- for the system as fol7low
x  —7,e S, 0 <0, (33 ZO0EDRAQ! (35)
L * * _hze—zahz Sz_ where -
' 0,e YT e Ry ] V()= X" (P x(t)+e’ yT ()M (1),
£ —re S 0 <0 (9 \ ()
. . _hehs, V,(t) = 22{/1,. e’ J. (Gfs —g (5))ds}
4 i-

- 0
where Q=0 +Q, +Q;,,

m y,(0
Q, = 2ae] Pe, +2¢] Pe, +2ae, Me,, + 2/ Meq +40!(G’e| -es)r + 22 ¥, eZal J‘ (F;S _ fj (S)) ds |,
xVe + 2(G*el & )T Ve, +4a(Fre, —e, )rAel() /=l 0
-
+2(F*e“’_e"’)r Aelx+9(Ql9l—(l—u)e'z‘"l\‘)ngSZ V. ([)— j. eza.v X(S) Q X(S) ds
+910,8, (1-u)e 0., +910,5, e e T s (x(s)

-e7"970,9,+ 810,89, -7 90,9,

+8/0:8, —e 80,8, + 910,89, + j | 7 ’)

—g 2 SgTQGSg + TxeL)TSzeo + h]elgS‘,e,g 3 f

~ (o —e) S, (e -e) , x(s) T

» . vV ([): J RIS 0)

—¢ I(e(()—eﬂ) Sd(elo—elz) ) g x( )) ’

Q:‘_ =17, eZ)- Sleo+h2 elTR SZEIS+8_ZQT1[(6| —_62)TY‘ ! ( ) ’ ( )
Ky N
RN E s (R R A A RN - eza{f ( ))} %/
—h

+eeh [(em e )T Y+ ),37 (elo — )] +e7tn !

X[(en_elz)r Yo+ ¥ (e —ey)] Vs(t): '[[ e’ X(S) :| [0 X(S))):]ds
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0 ¢ . T .
Vo(1)= j j i (5)S,x(s)dsd6 V() =& (e | O] o O ]-e
-1, (+6 eS 85
0
+ [ [ =i (s)8,p(s)dsdo,
—hy 140
a ¢
2ay T
_f,,,L” <yt [ }Qmm oo
0 .
+J‘ j€2ary7' )dsde VG() 20/ T(t Sl.X()
=N 1+0

The derivative of V' (t) in (3.5) along the trajectories of the
system (2.1) is given by
V(1)=& (1)1 [2ae] Pe, +2¢] Pe,

3.6
+2ae Me, +2e,Me 11 (1), )

Vz (t) <¢’ (t)ezw {4a(G+e, _es)r Ve
+2(G'q —e,) Ve, +4a(F'e, G.D

. T
—e,) A, +2(F o —em) Ae & (1),

s0se e 2] of 400

—e 7t [iji 0, [QDJ}f(t), (39)

X

'
—2a t-1,) J
-7,

+hz 2atyT( )Szy( )

t

—e [T (5) 8,5 (s)ds
t~hy
By the use of Lemma 2.4, we have

V(1) <, (£)Sx(t)—e

A [ 4 (s)S.5(5) s
- r(t)

=2a(i-r;)

- j ds]

=7,

+he*® 7 (1) S,9(t)—e

, 1-4(2)
[ J ¥ (5)S,»(s)ds~ j ¥ (s)S,p(s)ds

/—/7(/) 1~ha

“2a(i-h)

<&M (1)’ {eg (7,5, ) e, +e/y (1,5, ) e
+e7 (g ez)r Y +Y (¢ -¢)
+r()Y7S7]
+eon [(62 —e, )T Y, + Y2T (ez ——e4)
+(12 +r(z)) )QTSlez]Jre“za"z[(e[O —e”)T
XY, +Y (e, —e, )+ h(1)Y)S, Y, ]+e"
[(e, —en)r Y,+Y/ (e, —e,)
+(hy = h(1))Y]S, V114 (1),

v, (1)< 75" (¢ )SBX(Z)—e*za(’ )

(3.11)

!

x J x"(s)S,x(s)ds

(-7
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—2a(l—/1|)

+he*™ T (t)SJ(t)—e

!

X '[ y’ (S)S4y'(s)ds

t—=h
<& {r,x" (1) S,x(1)+ hy" (1) S,p(¢)
—e e (x (1)~ x(t-1,)) Sy(x(¢)
~x(t=1, )= (y(1)-y(1-h))
xS, (y(0)=y(t=h))
Thus, we obtain
V7(t)g§7( ) e {eg (TS )e9 +elS(hlS )elg
—e7" (g —e3)T Sy (e —e,)
—e7th (el() —€p )T S4 (ew € )} (3.12)
In order to reduce the conservatism, we add the following
zero equations: For any matrices F, (i =1, 2,3,4) with

appropriate dimensions

207 () Hyx A (0)+ B (3(0) + O (- /7(,])]__4,)}:0‘
27 (14, [ (0)+ 8 (y(0)+ s (5(e- ,l(,))]_i(,)}:o’ (3.13)
“* ~y{0)+Big (1)) g [x(1=e (1)} (0)] 0
(s e 0]

‘2[g(x(‘))—G+X(f)]TN1[g(x(t))—G‘x(z)]z0,
—2rg(x(t—r(t)))~G+x(t—r(l))JTN2
o ( —())=Gx(t==(0))] =0,
g (x(1))-g(x(t~ f(l)) G<x()
—x(1- r( )T 3[g(x(z) g(x(t-7(1)))
-G (x () x f(t)))] >0,
—2[g( (
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x(y(t—h(t))—yt ) NS ((e=h(1))
_F (y(t h(1))-p(t=h)[120. (3.14)
Using inequalities (3.6)~3.14), we obtain

V(1)< e (1)Q ()

where

Q,=Q+(z,—7(t))e Y, S, + 7 (1)e "
xYTSY +(hy —h(1))e Y]S5,
+h(1)e Y] S;'Y,.

Since

(12 —T(t))e_z"”zerSl_'Y2 +7(1)e YT Sy,

+(hy = (1)) €Y S, + h(t)e Y] S;Y,

is a convex combination of matrices 'YZTSCIYE, YITSl_lYI,
T o-1 T o-1

Y4 52 Y4 and Y3 52 Y3 of T(Z) and h(t),

, Qo can be handled by 4”1

respectively corresponding

boundary LMiIs:

Q+1,e” Y] ST'Y, + he ™Y S)'Y, <0, 3.1s)
Q+1,e Y] ST'Y, + he Y] S;'Y, <0, 3.16)
Q+1,e7 Y S + he Y] S 'Y, <0, 317
Q+1,e YT STY + e Y] S;'Y, < 0. (1s)
Using Schur Complement, (3.15) - (3.18) are equivalent to

(3.1) - (34). For showing the convergence rate, we have

V(t) <0, forall t 20, and then V(l) < V(O) where,
V,(0)= & Ox7(0) Px(0)+e* " (0) My (0)
<2, (Pl + 4 (01
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x,(0)

VZ(O)zzi{ﬂ% 0 [ (Grs—g,(s))ds

0

y,(0)

+2'Z[ne”‘°’ [ (Frs=7,(s))ds
i=l

0

<24, (G =G )4, (V4|
+2/1M(F —F) M HI//H ,

. E)JQ' LE‘EZQJ‘“

Proceeding further, we get

i (s)x(s)= [A,x(s) + Blf(y(s))+ C,f(y(s —h(s))ﬂ

x[ x(s)+ Bf ((9))+ Cf (s - ()]

()AA" ( (S)BIBlf(y(S)
+f( )C Cf(y(s=h(s)))
<A, (A 4)+ 2 (BB Ay (F7)
+A,, (CITC[)/IM (F*Z )

Simnilarly,
PT(s)9(s) < Ay (43 4 )+ Ay, (B]

2, (€1C,) 2 (G" )

B (07

Therefore
TJ 2057 (5),5(s) dsd6
—7, 1+0
+T [ 57 (5)8,5(s)dsd6,
—hy 1+6
s%’%(sl)[i (ATA)*L’“(BTBV (F)
a4 (CTC) A (F2 BT+ 22, (5,)
U (AL A )+ A (BB (G‘)
4, (C1C,) A (G )||'//||
Heza W (5)S,i(s)dsd®
06
+TTe“f< )S.5/(s)dsd
"o
g%,{M(SB)[,iM(AITA,)+/1M(B,TB,)/1M (F)

+2,(CTC )2y (F

2
" % (5.)
Ay (4] 4)+ 4y, (B) B,) 4y, (G*Z )

+Ay (Czrcz)/l,w (G+Z )]”W”Z -

Thus, we obtain

V(O) <X H¢H2 a4 H‘//H2 ;

where

2= A (P)+24, (G =G )4, (V)

(l _e.—2arl)

2a

+

[ 4 (0)+ A, (0)+ 4, (0))]
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x[l + Ay (G+l ):|+£222_|:/1M (S1)+/1M (Ss):,
x[ Ay (AITAI)+/1M (BITBl)/lM (F+2)
2, (CTC) A (FT

Xo =y (M) 424, (F*=F )4, (A)

u[/{M (Q2)+/1M (0))+ Ay (Qs)]

2a
x[l + 4, (F+Z )]+h72[/1,w (S2)+ 44 (S,)]
X[y, (43 4, )+ 2y, (B] B, ) A (G)

+ 24, (C1C) A (G 1

+

Since

V(t)ze™ {xT (()Px(0)+y" (t)My(t)},

we can reach

1 0 ol ) <l o),

where
1, = min {4, (P)4, (M)},11, = max {,, 1}

which lead to
() + (O < e (o + 1w )

where pP= E > 1. Thus, from Definition 2.3, we conclude
r

that the system (2.1) is globally exponentially stable with a
convergence rate (¢ and the proof is completed.

Remark 3.2 it is worth pointing out that the required
conditions in Assumption 2.2 are more general than those

given in [3, 4] which assumed that activation functions

fi(B)=1,(n)

satisfied g < - <F and ogwsq,

B-n B-n

namely the lower bounds are assumed to be zero and the
dpper bounds are nonnegative. This restrictions are not
required in our Assumption 2.2, namely lower bounds
F7.G; and upper bounds F_/*,nyz‘:1}2,,,,,”;]':1,2,,,,,,7,
of the activation functions in Assumption 2.2 are allowed to
be either positive, negative or zero. Hence, our result is less

conservative than some existing results given in the
literature.

Remark 3.3 The chosen Lyapunov-Krasovskii functional (3.5)
is motivated by [16, 17] and [19]. The chosen Lyapunov-

Krasovskii functional (3.5) includes the terms V,,V;,V, and

Vo which makes full use of the information of the neuron
activation functions and the involved time-varying delays,
which might lead to a less conservative stability result.

4, Conclusions

In this paper, we have investigated exponential stability
problem for BAM neural networks with interval time-varying
delays. By constructing a new and improved Lyapunov-
Krasovskii functional containing some new augmented terms
and using convex combination technique, a delay-
dependent exponential stability criterion for BAM neural
networks with time-varying delays has been formulated in
terms of LMIs. The lower bounds and upper bounds of the
activation functions are allowed to be either positive,
negative or zero which is more general than some existing
results given in the literature such as [3].
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