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Linear-Hypersubstitutions for Algebraic Systems of type
((n):(n)) and Characterization of their Idempotent elements
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Abstract : A formula in which each variable occurs at most once is said to be a linear-formula ([5], [6]).
A linear-hypersubstitution for algebraic systems of type ((n);(n)) is a mapping o, . which maps n-ary
operation symbols f to n-ary linear-terms o, .(f) and n-ary relational symbols v to n-ary linear-formulas
o, »(v). Any linear-hypersubstitution o, p can be extended to a mapping &, . on the set of all linear-
terms of type (n) and linear-formulas of type ((n);(n)). A binary operation “o, 7 on Hyp"™((n);(n))
the set of all linear-hypersubstitutions for algebraic systems of type ((n);{n)) can be defined by using
this extension. The set Hyp!""((n); (n)) together with the identity linear-hypersubstitution (o, ,.),, which
maps (0, ), (f) == f(z1,...,2z) and (o, )., () = v(z1,...,2,) forms a monoid. The concept of an
idempotent element plays an important role in semigroup theory [3]. In this paper, we characterize the
idempotent of (Hyp'™*((n); (n)); 0., (0, 1).a)-

Keywords : algebraic system, formula , linear-hypersubstitution, idempotent.
2010 AMS Mathematics classification : 20M07

1 Introduction

Algebraic systems are understood in the sence of Mal’cev(see [1]). An algebraic system of type (7, 7') is
a triple A = (A; (f)ier, ('Y}A)]'EJ) consisting of a non-empty set A, an indexed set (f*);cs of operations
defined on A where f* : A" — A is n;-ary and an indexed set of relations v;* C A™ is an nj-ary . The
pair (7,7') with 7 = (n;)ics, 7 = (n;);es of sequences of positive integers n;, n; is called the type of A

The concept of a term and a formula are one of the fundamental concepts of algebraic system. To be
independent, first we repeat the most important definitions and results on hypersubstitutions for algebraic
systems (see [2]). Using for » > 1, an n-ary alphabet X,, = {x1,22,...,2,} of individual variables and
the alphabet (f;):c; of operation symbols in the usual way one defines terms of type 7 by the following

steps .
(i) Every z) € X, is an n-ary term of type .

(if) If {1, ..., tn, are n-ary terms of type 7 and if f; is an n;-ary operation symbol of type 7, then
filt1, ..., ty,) is an n-ary term of type 7.

1Corresponding author email: jintana@mju.ac.th

Copyright 2012 by the Mathematical Association of Thailand. All rights reserved.
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Let W.(X,) be the set of all n-ary terms of type 7. If X = {z1,x2,...} is a countably infinite alphabet,

then W,(X) = |J W,(X,) denote the set of all terms of type 7 (see [7}).
n>1 .
To define quantifier free formulas of type (7,7’), we need the logical connectives = (for negation), V
(for disjunction) and the equation symbol ~.

Definition 1.1. Let n € N. An n-ary quantifier free formula of lype (7,7") (for short, formula of lype
(r,7')) is defined in the following inductive way :
(i) If t1,to are n-ary terms of type T, then the equation t, = ty us an n-ary quantifier free formula of
type (1,7').

(i) IfjeJandty,... Iy
formula of type (7,7').

, are n-ary terms of type T, then v;i(t1, .. la;) 15 an n-ary quantifier free

(iii) If F' is an n-ary quantifier free formula of type (7, 7'), then —F is an n-ary quantifier free formula
of type (1,7').

(iv) If Fy and Fy are n-ary quantifier free formulas of type (7,7'), then I\ V Fy is an n-ary quantifier
free formula of type (,7').

Let F(r - (Xn) be the set of all n-ary quantifier free formulas of type (7,7') and let F(, ) (X)
= J Frry(Xn) be the set of all quantifier free formulas of type (7, 7).
n>1

2 Linear-terms of type 7 and Linear-formulas of type (7,7)

A term in which each variable occurs at most once, is said to be a linear. For a formal definition of
n-ary-linear-terms, we replace (ii) in the definition of terms by a slightly different condition. Let var(t)

is the set of all variables occuring in a term t and var(F) is the set of all variables occuring in a formula
F.

Definition 2.1. Let n € N. An n-ary linear-term of type T is defined in the following inductive way :

(i) Bvery x; € X, 4s an n-ary linear-term of type T.

(it) Ift1,... ta, are n-ary linear-terms of type T and if var(t;) Nvar(te) =0 for all1 <l <k <n;,
then fi(t1,... tn,) 18 an n-ary linear-term of type 7.
(iii) The set WE™(X,,) of all n-ary linear-terms of type T is the smallest set which contains z,, ..., =y,

and closed under finite applications of (ii)

The set of all linear-terms of type 7 over the countably infinite alphabet X is defined by WX (X) =
U Wi (Xa).
n>1

Definition 2.2. Let n € N. An n-ary linear-formula of type (7,7') is defined by the following induclive
way

(i) If t1,t2 are n-ary linear-terms of type T and var(ty) Nwvar(ty) = 0, then the equalion t; = ty is an
n-ary linear-formula of type (r,7').

(ii) Ifty,... tn, are n-ary linear-terms of type 7, var(t;) Nvar(ty) =0 ; Lk € {1,2,...,n;} and~y; is
an nj-ary relational symbol, then v;(t1,. .. ln,) is an n-ary linear-formula of type (1,7').

(iit) If F is an n-ary linear-formula of type (1,7'), then —F is an n-ary linear-formula of type (7,7').

(iv) If Fy , Fy are n-ary linear-formulas of type (1,7') and var(Fy) Nvar(Fy) = 0, then F1 V Fy is an
n-ary linear-formula of type (1,7').
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Let }'(linr,)(Xn) be the set of all n-ary linear-formulas of type (7,7') and let }‘(lj’fT,)(X) = | }'(li’fT,)(Xn)
' n>1

be the set of all linear-formulas of type (7,7').

For this paper, we consider the type (7,7') := ((n); (n)), then f(t1,...,t,) can not be a linear-term,
where t1,...,tn € Wo(X,)\ X, and F1 V F, can not be a linear-formula, because var(Fi) Nvae(F2) # @
as the following an Example 2.3.

Example 2.3. : Let (1,7') := ((2), (2)) with a binary operation symbol [ and a binary relational symbol
v and let X9 = {z1,z2}. Then W(l%;l(XQ) = {z1, 29, f(z1,72), f(x2,71)} and .7:([2;)’(2))()(2) = {z1 =

xa, 20 & 2y, ¥, 1), Y2, 21), 3 & x2), o(we = an), (v(zr, 22)), ~(v(z2, 1)), (T = 20)), . )

3 Superposition of Linear-Terms and Linear-Formulas of type

((n); (n))

Substituting the variables occuring in a linear-term by other linear-terms one obtains a new linear-
term. This can be described by the superposition operation S}; ,n > 1 for linear-terms which is induc-
tively defined as follows :

Definition 3.1. Let n € N and {,11,...,t, € WE™(X,,) such that var(t)) Nvar(ly) = 8, for Lk €
{1,...,n}. The operation

Slin + W™ (Xn) x (WM (X)) = W™ (Xa)

n

s defined in the following inductive way :

(i) If t = x4, then S (x4, b1, .. tn) =t 1 <1< n,
(it) Ift = f(s1,...,5n) and assume that, S}, (s, t1,. .., ts) is a linear-term already, for 1 € {1,...,n}
such that var(Sk, (si,t1,. .., tn)) Nvar(SE, (sk,t1, .. ., ta)) =0; 1 <1,k <m,

e Sﬁn(f('gl) . '}Sn),tl, T ’tn) = f(Sl’;n(Slytly R yt"l)! A
Sgn(snytl, BRI tn))

Now, we will extend this superposition of linear-terms of type (n) to a superposition of linear-formulas
of type ((n), (n))as follow :

Definition 3.2. Let n € N and t,t|,...,tn € WE™(X,,) such that var(t)) Nvar(ty) =0, Lk € {1,...,n}
and SJ;,, be the superposition of linear-terms which have defined above. The operation

ﬁn : W'rllln(Xn) U‘F(lzz),(n))(xn) X (Wrtlln(Xn))n - Wéin(xn) U]:(lzZ),(n))(Xn)
ts defined in the following inductive way :
(i) Ift € WE™(XR), then RE (b by, tn) = SE (L L,y b)),

(ii) If F has the form sy = sy andvar(S[, (s1, 11, ..., ta))Nvar(SE, (so, 61, ..., tn)) =@, then AL, (s1 ~
52, tl! e tn) = Sﬁn(slatl7' R tn) = S[’;n(SQ) tly s wtn)'

(iii) If F has the form v(s1,..., $n), and assume that, S[t, (s;,t1,...,ts) is a linear-term already ;
Ve {1,...,u} such that var(Sh, (si,t1, ..., tn)) Nvar(SE,(sk, by, ... tn)) =8 1 < Lk <n, then
Rnn('Y(Sl, M ’Sn), tl) R} tTL) = ’Y(Szzn(sla tlv Tty tTL)) M )Sﬁn(sﬂ-) tlv Tty tn))

(iv) If F has the form -F, and assume that, R}, (F t1,...,ty) is a linear-formula already, then

Rt~ b ) = ~RE(F L ).

Let w be a permutation on the set {1,2,...,n}.
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Theorem 3.3. Let 8 € W™ (X )U}'( (ny(n))(Xn). The operation R[, satisfies :

(LFC]‘)Rﬁn(Rhn(ﬁvt/h'-'v n);51>'~-75n) = [1n(6 R[Yn(tl Sly---vsn)y Rlln( ny Sy, 8n )
whenever i, ...t 51,...,5, € WEYX,) and var(t) Nvar(ty) = 0, ua?(s*[) ﬁvaz(sk) =
Lke{l,...,n}.

(LFC2) Rl (zi,t1,. .., tn) = t; wheneverty,... ty € Whn(X,) and var(t)) Nvar(ty) = 0,
Lke{l,...,n}.

(LFC3) R}, (B,z1,...,2s) = B.

Proof. For § =t € WE™(X,,), we will give a proof of (LFC1) by induction on the complexity of a
linear-term ¢.

(i) ft=2,;1<i<mn,then
1171<Rlln<x“t1"' tn) 31,-.,,571)
['m.(Slm.(Il’ Py >tn)’ RICEE 7871)
= Slln<t17$17" 'Sn)
St STt 5102502 Syt 150)
= Rp(zi, RE (G180, 8n), . B (tn, $1,. .., 80)).

(if) It = f(@n(1), > Tr(ny) and assume that Sp, (ST (Tr@), t1, -y tn), S1,. -0, Sn)

= Sl (@), St (trysty oy 8n)s -, Sl (Bny s1, -+, 80)); 1 < L < m, then

Rln;n(Rﬁn(f(Iﬂ(l)’ s amw(n))s b, ., Ln)a S1y. - »Sn)
= Rﬁn(Sﬁn(f(l',r(l), . ,I,r(n)), Bl st )y SLy v -0 Sn)
= R (f(SE(Trii)ytis-otn)y - S @n(ny b1y -1 En)), 81,y 87)
=[5 (Sha(@ry b tn)s 81, 8n)y o ST (ST (@ anys t1y -y E0), 81, Sn)
= f(SZ;n(‘rﬂ'(l)w Sﬂn(tlvslu R vSﬁn(tnw 81y 8n))se e,

Shin(@n(nys Sln(t1,81, -1 8n)y -, Sh(tns 51, -+ 8n)))

= Sﬁn(f(afﬂ(l), . ,I,r(.n)), Sﬁn(tl»sl» ey Sn), Cey Sﬂfn(tn, S1,- .. ,Sn))
= Rﬁn(f(z‘lr(l)a ce yx‘n(n))w Rﬁn(thsl» cee »Sn)v ce Rﬁn(tm S1,000, Sn))-

For f = F ¢ (’(12 i) (Xn), we will give a proof of (LFC1) by induction on the complexity of a linear-
formula F.

(i) If F has the form z, = z;;1# j € {1,...,n}, then
gn(Rﬁn(a:iQl"Ijltl)'":L'n-)xslwwysn)
= Rﬁn('sﬂm(zhtlw"'atn) ~ S[n{n(a:jvtlw-- t, ) S1, Sn)
- Sgn(sﬁn(r“tlr o ,tn),Sl,...,Sn) ~ Sﬁn(slzn<l] tl .,tn),Sl".. ,.S'n)
= Slzn(a:i"slzn(tlvslw")Sn)»'”ysﬁn(tnyslw-wsn))
Shin (@5, Sl (b, 81,y 8n), ooy S (bny 8150, 80)

I

= Rgn(‘ri -~ IJYRlzn(tlvsla ceey Sﬂ-)v B Rﬁn(tnvslu sy Sn))-
(if) If F has the form 'y(z,r(l Sy Tr(ny), then
[m(RLm(’Y(IW(l )) tiy .- tn) S1y- - sn)
= Rlzn(7($[1n(a:1r(1 vtlw-- )tn) S[;n(:r‘lr(n) tl,n.,tn)),Sl)...,Sn)
= (S[:n( Y[zn( “"(1)”47" >IL71) 97'7«) M Slm('sﬁn(l'w(n))tly--~»tn),51»--->$n))

= ’)/(Shn(af.".(l Sﬁn(tl,sl,...,Sn),...,Sgn(tn,Sl,...,Sn)),...,
Sﬂn($ﬂ<n)7sﬁn(t17slw e )Sn)w M asﬁn(tnysl7 t ')Sn)))
= Rﬁn('Y(Iw 1 1"'y‘r1r(n )aRﬁn(t1751:"'7371))"')R[7in(tn131)-'~)S71))'

(iii) If F has the form —F and assume that R}, ( Zm(F By tn), S,y Sn)
= R (B R (s ysa)y oo R (bnsst oy s )),thcn
Rlzn( lm,(_‘F/Lly-watn),sl,--.,sn)
= Rﬁn( Rhn(F byt ),31,-..,571)
= ﬁRlzn( lzn(F tl)-'- t ),S[,...,Sn)
= th(—\F Rhn(tlvsl)""sn)v‘"leyzn(tnysly---,Sn))'
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(LFC2) is clearly by Definition 3.1(i).
The proof of (LFC3), we will proceed in a similar way considering the completely of a linear-term ¢.

1 =z;;1<1<n, then
i) If¢ 1<i< h
Ry (xixy,. .. xn) = Sh(ze,21,...,2Z0) = .

(i) It = f(zapyr - ' Ta(ny) and assume that R[’;n(zn(l),zl,...,xn) =2y ; 1 <1< n, then
R;‘;n(f(zﬂ(l)w"')xﬂ(n)))zlv---)zn)
= Sl’?i'n(f(xw(L)’---axw(n))uzla-”yxn)
= f(Sﬁn(Iw(l),fEl..-,In),---,Sﬁn(I-,\—(n),I]---,In))
= flZx) s Tu(n))-

Next, we will proceed in a similar way considering the completely of linear-formula F.

(i) If F has the form z; =~ z;,1 # j € {1,...,n} , then

R (zim oy, 2, m0) = SE(xa, o1, xn) = S (25,21, -, @) = 3 & 1.

(ii) If F has the form y(x (1), .., Zn(n)), then
Rﬁn(r)/(l‘w(l)u---wxw(n)))zlv'-')xn)
V(Sﬁn($w(1)wzl LR )In)v - '15[77{71(1#(17,))1:1 s ,.'l'n)) = ’7(95#(1)" .- 11;7r(n))'

(iii) If F has the form —F and assume that R}} (F,z1,...,2,) = F, then
Rﬁn(_‘F’xl’ e ’In):_lR‘ln;n(vala R yxn) = -F.

4 Linear-Hypersubstitutions for Algebraic Systems
of type ((n);(n))

The concept of linear-hypersubstitutions for algebra was introduced by Th.Changphas, K.Denecke and
B.P.baljomme [9]. We are going to extend this concept to algebraic system of type ((n);(n)) as the
following:

Definition 4.1. Any mapping
o {fYu{y} = Win(Xn) Uf(LEZ);(n))(Xn)

which maps operation symbols f to linear-terms and relational symbols v to linear-formulas preserving
arities is called a linear-hypersubstitution for algebraic systems (of type ((n); (n))).

Let Hyp"™((n); (n)) be the set of all linear-hypersubstitutions for algebraic systems of type ((n); (n)).

We can define an extension of Jinear-hypersubstitutions for algebraic systems of type ((n); (n)) as follows:

G WEM(Xn) U f(le);(n))(Xn) — W™ (X,) U f(téZ);(n))(Xn)
) &|z] := z for any variable z € X,,
(i) ol (@nr)s s Ta)] = SR (o (f) Gl -5 8 la(m),
) Gl & z;] =0z, ~ Flzy) for i # j € {1,...,n},
(i) ev(zr(ry, -2 Ta))] = Rin(0(0),Glzan)], T [2a(m]),

(v) G[=F):= -5[F] for F € Fi%y. . (Xn).
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Then & is called the extension of linear-hypersubstitution o for algebraic system.

Next, we defined a binary operation o,,, on Hyp'™((n);(n)) by a1 0, , 02 := 31 0 02 where o denotes
the usual composition of mapping and o, 02 € Hyp"*((n); (n)). The purpose of this paper, the structure
(Hyp"™((n); (n)), otun, 0ig) becomes a monoid. We have to use many tools to prove that.

Lemma 4.2. Forn € N, let ¢ € Hyp"**((n); (n)), and let t,,...,t, € WE¥(X,,) and var(t;) Nvar(ty) =
0,1 <1,k <n. Then
TIRGA (B b1, s tn)] = R (G1B], 511, -, O tn])

fOT any ﬁ € WvlLin(Xn) U }—(lEZ),(n))(XTL)
Proof. For =t € WE™(X,,), we will give a proof by induction on the complexity of the definition of a
linear-term ¢ as follows :

(i) If # =241 <4 <, then

3 (ST (@ t1y s ta)] = Bl = Sp @0 dlis], o lta)) = Sa(@lead, e - Flta))
(i) t = flznqy,- 937,<n) and assume that
3 1S (Ertbs s tn)] = Spn@lngh Flesh o, 3ltnl): 1S 1<, thien
7 Sty (f(fwmw VZa(n))s ty e b))
= O'[f(Shn(.’L' (1) lfl,...,tn),...,Sﬁn(I"(n),tl,...,tn))]
= Sl'm( ( )18[ 111( w(l):tl)"w n)] 8[9[1n(z7r(n):tly--~yt72)D
= Sﬁn( ( )75177 ( [‘n(l)] A[tl])"' [t ])’ S[nin(a[l'ﬂ(n)])a:[tl]»'")a[tn])
= SlrzL'n(Shn( ( U[Iﬂ. ] U[Iﬂ’ n)]) E[ ] "'va{tn])

= Sﬁn(a[f(z‘n(l Iw(n))] [tll, . E[t ]
For = F € }—(lzZ);(n))(Xn), we will give a proof by induction on the complexity of the definition of
a linear-formula F' as follows :

(i) If F has the form z; &~ z; for i # j € {1,...,n}, then

IR, (zs ® x5t ... ,tn)]
= U[Shn(Ii,tl,,.. )"’Slln(xjvtlv” tn )]
Sl 3l .. Bltal) = 57, (Blx,),5l0n], ., Blew])
= R} (Glz; =~ x5, or[tl] L Oltal])-
(if) If F' has the form ﬂ/(x,,(l), ..., Xn(n)) and assume that
[Rlzn(‘r‘"(l)’tl"" ] - Rlzn( [I‘r(l)] ( [ ] "'Ya[tn});l <i<n, then

E[erfin(’\/(xﬂ(l):-- qu(n)) [T )]
B ah(slm(zﬂ(l)’tl""’t")"'"Sﬁn(zﬂ'(n)’tl»-w;tn))]
= R (0(1),8(Shn(@ny b ta))y -, FSFn (@agyn trs t)])
= Rlzn( “n(g(’y)’a[z‘"(l)]""18[Iﬂ(n)]),a[t1],...,a[tn])
= Rlzn( [ (Iw(l)a“-»xw(n))],a[tl],...,a[tn])'

(iii) If F has the form —F and assume that
o[r lzn(Ftll"'Yt”-)] R (B]F],at], - -, 3ltn]), then
g

(Rh.(-F b, )]
= (G[RE,(F b, ... tn)])
= _‘(Rl n(a[F]!U[ ] ,8[ n]
= lzn U[ﬁF] 70-[ ] 16—\[ 'ﬂ]

Lemma 4.3. For any o,,03 € Hyp"*((n); (n)), we have

((71 Olin 02) = 81 Oag.
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Proof. For t € W,(X,), we will give a proof by induction on the complexity of the definition of a
linear-term ¢.

(i) Ift:xi;l i < n,then
(01 01n 02) [@i] = 2 = F1[z:] = T [G2[x:]] = (G1 0 F2)[z:].

(ii) If t = f(l'wil)y e ,.I‘Tr(.n)), then
(01 064n 2) [f(Zrys- s Ta(ny)]
= S((01 0un 02)(f), (01 0tin 02) [Tay)s- -+, (01 0tin 02) [Tany])
= Slrzln((al ° 0'2)(_[), (81 o 52)[zﬂ(l)]v RN (81 ° 82)[‘1#(71)})
= Sp.@G o)), d1[G2lznr]], - - F1 (02 (my]])
= 81[Sﬁn(OQ(f%aZ[zﬂ(l)]v"Wazlzw(n)})]
= G102/ (Tn(1ys - Ta(n)]]
= (31 ogQ)[f(‘Tﬂ(l)y'"7‘Zﬂ(ﬂ))]'

For F € ]—'(lfﬁ);(n))()(n), we will give a proof by induction on the complexity of the definition of a linear-
formula F.

(i) If I has the form z; ~ z; for i # j € {1,...,n},
then (01 oin 02) [T & 25]
= (01 Olin UZ)A [Izl (01 Olin 02 [ J]
= T =T
= 7,[02[x]] = 71 [02]x;]]
= (01 002)[x:] = (51 0 T2)[zy]
= (0, 00)[z; ~ ]
(ii) If F has the form ¥(@y(1),..., Tn(n)), then
(01 2tin 02) [V(@n(1)s- - Tn(n)))]
= R, (01 onn 02)(7), (01 %tin 02) [Za(i)], -, (01 Olin 02) [Tn(n)])
RZn((al ° 02)(7))I7r(1 ERER "Tﬂ(n))
= R.ln;n(al [02(7)}5 Lr(1)s- - !‘Tﬂ(n))
= 1[GV (Za(1)s s Zrin))]]
= (G1002)[v(Zr1) s T
(iii) If F has the form —F and assume that (g, on o) [F | = (G} 0 53)[F], then
(0101n02) [F) == ((0106n02) [F]) = ~((31002)[F]) = 31[~(G2[F])] = 71 [62[~(F)]| = (G1002)[~(F)]. O

Let 0,9 be the linear-hypersubstitution for algebraic systems of type ((n);(n)) which maps the oper-
ation symbols f to the linear-term f(z1,...,z,), and the relational symbols v to the linear-formula
’Y(‘Tlv v 11:71)'

Lemma 4.4. Letn € N. For anyt € WE¥™(X,,) and any F € FézZ);(n))(Xﬂ)‘ We have
Gialt] =t and G.4[F] =
Proof. Let t € WE™(X,,), we will give a proof by induction on the definition of a linear-term ¢.
(i) Ift=uxz;;1€l<i<n, then Gy4z;] = ;.

(i) It = f(Zr(1)s - s Tr(n))s T € Pn, then Gia[f (Tr()s s i)

= Sl (0wal)),Gialer)], ... Gualxriny])

Sﬁn(f(xlv B !xn)vzﬂ(l)) s vzw(n)) )

- f(Sl?n(zl’mW(l)r' ) 'l:ﬂ(n))V R Sﬁn(xn)xw(l)) e :Iw(n)))
f(z‘n‘(l)u s vxﬂ'(n))'

!

il
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For F € ]—'(‘ZZ (Xn), we will give a proof by induction on the definition of a linear-formula F.
(i) If F has the form xi~x; fori#je{l,...,n}, then Giglz, = 2;] = Giafz:] = Tuglr;] = 23 = a5
(it) If F' has the form y(Zy(1), ..., %Tx(n)), then
GidlY(@n(1)s -+ Tr(n))]

= er}in(o-id(v)l Eid[xw(l)]» R ald[zﬂ(n)]

= RE.(v(Z1, -, Tn), Zr(), - Ta(n))

= ’Y(Sﬂ-’n(l'l,l'ﬂ(l), . ,Z,r(n)), Cey Sﬁncl‘n, .Z‘.,((I), e ,Iﬂ(n)))

’Y(x‘l\'(l)! v 1z1r(n))‘

(iii) If F has the form —F and assume that 7;4(F] = F, then 0,4[~F] = —0.4[F] = ~F. a

Theorem 4.5. Hyp"™((n); (n)) := (Hyp"™((n); (n)); otin, 044) s a monoid.

Proof. Using Lemma 4.3 and using the fact that o is associative, it can be shown that oy, is associative.
In fact, for every 01,02, 03 € Hyp"™((n);(n)) we have
01 04in (02 01in 03) = G10(0204n03) = G10(02003) = (01 052) 003
= (0104n 02) ©03 = (01 Oin, 02) Olin 03.

Using Lemma 4.4 shows that ¢;4 is an identity element with respect to oy,. First, we will show that o4
is left identity element. Let 8 € {f} U {7}, then (044 0in 0)(8) = (Gia 0 0)(0) = G:alo(B)] = a(B).
Now, we will show that ¢, is a right identity element as follows:
If 8= f, then
(counow)f) = (Goagw)(f) =7loialf)] =3lf(z1,... 2q)]
= S (o(f), ), ... Tza]) = ST (a(f)zr, .- zn) = o(f).

If 8 =1, then

(0ouncia)(v) = (@oow)(y) =7loa(y)] =av(z,. . zn)]
= R[;n(a('y),c?[zl],..‘,E[xn]) = ( )
Therefore 0,4 0jyn 0 = 0 = 0 O3y, Tig- d

5 All Idempotent Elements of Linear-Hypersubstitutions
for Algebraic Systems of type ((n);(n))

In this section, we will characterize all idempotent elements of linear-hypersubstitutions for algebraic
systems of type ((n);(n)). A linear-hypersubstitutions ¢ for algebraic systems which map f to a linear-
term ¢ and 7 to a linear-formula F' preserves arities is denoted by ¢ := oy ¢ that means o, p(f) = ¢ and
o r{7v) = F. First, we will recall the definition of an idempotent element.

Definition 5.1. [8/ Let (S; ') be a semigroup and a € S is called idempotent element if a-a = a.
In general, we denote the set of all idempotent elements of S by E(S).

Proposition 5.2. For anyt € WH™(X,,) and F € féfz);(n))(Xn)A The element o, p € Hyp""™((n); (n))

is an idempotent if and only if 7, . [t) =1t and T, . [F]=F.

Proof. Assume that o, ,. is an idempotent, i.e. (o, . oun o, . ){f) Af) and (0, . opn o, YY) =
O—L.F(’Y)' Then ZT\L,P[‘t] = 8L.I-' [UL.F(f)] = (Ut,F O“n UL,F)( ) U [‘(f) = ” and UL F[F] - Ut F |"7 (’Y)] =
(0, 01n0, )v) =0, .(v) = F. Conversely, let 7, .[t] =t and 7, .[F] = F, we have (o T, OUn aw)(f) =
al.F[UL.F(f)] :&\Ll‘[t] :t:UL,F(f> &Ild (UL‘F O[in UL,F)(’Y) = L.F"[UL,F(’Y>] :8LF[F] :F:o-z_l?<’y)'

This shows that o, . is an idermpotent element. O

IIQ

Proposition 5.3. Ift=x € X, and F = x; =~z for | # k € {1,...,n}, then o, . € Hyp"™((n); (n)) is
an idempotent element.
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Proof. Leta, . € Hyp“"(( ): ( })foreveryne N lett =z € X,and F =z~ forl # ke {1,...,n}.
We have &, . [x] =z =tand§ O, Jlrimae =6, [ =7, o] =z = ap = F.
By Proposition 5.2, o, . is an idempotent element. 0

Proposition 5.4. Ift =z € X, and F = v(z1,...,2,), then o, . € Hyp"*™((n); (n)) is an idempotent
element.

Proof. Let o, ,. € Hyp*((n);(n)) for every n € N, let t = v € X, and F = v(z|,...,2,). We have
G, plz]l =1z and

r.F[/(Ils'”vIn)} = R?m( (/)YEL.F[$1]""’aL.F[In])
= Z.lm(/(I1,~-,$n),I1,---,$n)
= ~A(Sh(ziz, - zn)s e SE (TR 21, - 2R)
= vz, .., Ta)
By Proposition 5.2, o, .. is an idempotent element. (I

Proposition 5.5. If t = f(z,...,2,) and F = a3 = zi, for | # k € {1,...,n}, then o, . €
Hyp'™((n); (n)) is an idempotent element.

Proof. Let o, , € Hyp**((n);(n)). For every n. € N, let ¢t = f(z,...,2,) and F = z; ~ x, for
l#£ke{l,...,n}. Wehave

a\L.F[f(Il)""In)] = [zn(JL r(f) LF[$1]""’8L.F[I”’])
= Slln(f($l»-- ))$1:'--7$n)
= f(Sﬁn(l'lnyly-~7$n):---:Szrfn(l'n;mh-uyl'n)
= f(xl,.‘ v )
By Proposition 5.3, we get 7, ,.[z; = x| = ; & z. Therefore o, . is an idempotent element. O

Proposition 5.6. If t = f(z1,...,z,) and F = ~(z1,...,2,), then o,, € Hyp""((n);(n)) is an
idempotent element.

Proof. Inasimilar way to the proof of Proposition 5.3 and Proposition 5.4, we proceed for &, .[f(z1,...,z4)]
= f(z1, .., zn) and 7, . [v(z1,.. ., z0)] = v(z1,. .., 2n), respectively 0

Proposition 5.7. Let o, , € Hyp"™(((n);(n)). If G, o[t =t and F = a2, ~ ax for | # k € {1,...,n},
then o, _ . is an idempotent element.

Proof. Let o, . € Hyp"*"(((n);(n)). For &, .Jt| =t a d F=ux ~uzxforl # ke {1,...,n}, we get

(0 p om0 )f) = O plo, . (f ]—E.HF[i] =t=o0, .(f) and (o, .0, 0, )7)

:O-L—ul"[ (7]: Lar[ FJ_ﬁ r[F] _ﬁF_ —uF"Y)' t

If p is a permutation on set {1,2,...,n} such that p replaces each element by the element itself, p is
called the identity permutation on set {1,2,...,n}. Thus

{1 2 3 ... n
PP 123 ... n)

Proposition 5.8. Let n € N and p be an identity permutation on the set {1,2,...,n}. Ift =
f(@r1y - Tan)) oF F = ¥(Zx(1), - Tn(n)) where T is a permutation such that m # p, then o, , €

Hyp“"(( ) (n)) is not an idempotent element.

Proof. 1f t = f(xx(1),- - (n)) then

(UL,F Olin JL,F)(f) [Jz ( ] = aL.F‘[f(Iﬂ'(l)) v :$1r(n))]
Slzn( ( ) aL.F[IW(l)]’"'vat.F[Iw(n)]
Slm(f($7f(1)"""T”("))’I"(l)""’$"(n))
f(Sﬁn(Iﬁ(l)vxw(l)) BN xw(n))v RN Sﬁn<z1r(n))z7r(1)y Cea xw(n))-
f(@r(ys 2 Tn(n)) (-m#p)
o, )f)

Il

N S
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If F'=9(x1), > Tn(n)), then
(JL,F Clin 01,1-‘)(7) = 3L,F‘[0’L,F(‘Y)} f EL‘F'[’Y(IW(i)’ o sxTr(n))}
Rﬁn(JL.F<7)1 JL,F[IW(I)]) 0 e [xﬂ'(n)]
Rﬁn(’Y(l'w(l), ce 7IW(H))7IW(1)) v ;-’L'w(n))
'Y(Sﬁ;n(xw(l)v J:7r(1)» s >$ﬁ(n))3 ce ngn(zw(n)a Q;w(l)v R )Iﬂ'(‘ﬂ))'

I

#  Y(@ray o Tr(n)) (7 p)
# 0.0
Therefore ¢, . is not an idempotent element. O

Proposition 5.9. Lett = 2 € X, and F' = y(Zx(1), .. ., Tu(n)) Wheneverw # p, thena, . € Hyp"™{((n); (n))
is not an idempotent element.

Proof. Tt is an immediate consequence of Proposition 5.8. O

6 Conclusion

The main result of the paper is the characterization of idempotent elements of linear-hypersubstitutions
for algebraic systems of type ((n); (n)). We can check that all these linear-hypersubstitutions for algebraic
systems of type ((n); (n)) which satisfy the conditions are idempotent by using Proposition 5.3-5.7.
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